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and the best fit is obtained when
2t — to — {a,s6)/Vo]? = minimum§ (A2)

Let 6t represent the arbitrary deviation of a time measure-
ment from the best-fit curve. The parameters describing
the curve must change accordingly but in such a way that the
sum of the squares of deviations from the curve is a minimum,
ie.,
Zlty — to — 6ty — 8 (dM/Q)/Vy —
n/Vo — 7:0(1/Vo)]* = min  (A3)

or

Z[ot, — to, — Ot — m'de/Vo — mS(1/Vo)]* = min (A4)

where {, is the time given by the best-fit curve (Jiq. Al) at
station k. Taking the derivative of Eq. (A4) with respect
to 8ty, S, and 6(1/V,) and equating each to zero yields a set
of three equations for 8ty, da, and 8(1/V¢) as a function of
8tp. Taking the derivative of each equation with respect
to 8¢, produces the following set of equations for dty/dt:, O/
Ot, and O(1/Vy) /0t
'/ Vo = (0a/0t)2n:'2/ Vo + [0(1/Ve) /O] Znns’/Vo +
@1/t Zn/ Vo
m = (Qa/0t) Zmen’/Vo + [0(1/Ve)/Ot] Zm® +
(Ote/Ot) Zm  (AD)
1= Qa/dt) Z n'/Vo + [0(1/Vo)/0t] Zni +
(0to/01)&V

Solving for da/dtx, squaring and summing over k& gives

ZQa/oty? = [N2y? — (2)2Ve¥/D (A6)

where
2y’ Zod'me Zm
D= |Zp/ne 2 Zm
2 2 N
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A Comparison of Boundary-Layer
Transition Data from Temperature-
Sensitive Paint and Thermocouple
Techniques

GEORGE G. MATEER*
NASA Ames Research Center, Moffett Field, Calif.

Nomenclature

Mach number

pressure

velocity

distance along model surface from nose
temperature

density

viscosity

T T T I

‘s:'clsw:'ﬁg

Subscripts

e
1

o)

boundary-layer edge condition
total condition
freestream condition

EFERENCES 1 and 2 demonstrated that the phase-
change, temperature-sensitive paint technique is a
reliable method for obtaining quantitative aerodynamic
heating data. In Ref. 2, these data were used as an indi-
cator of boundary-layer transition, and transition Reynolds
numbers were compared with those from other investigations.
However, an assessment of the method for quantitative
measurements of transition could not be made from this
comparison because of differences in transition data between
facilities. Since the simplicity of the technique would make
it particularly suited for transition studies on complex con-
figurations, a study was made to determine whether the
temperature-sensitive paint technique would yield the same
quantitative results as more conventional methods.

Tests were conducted in the Ames Research Center’s 3.5-
ft hypersonic wind tunnel on 5° half-angle cones at a free-
stream Mach number of 74. The total temperature was
nominally 1500°R and total pressures ranged from 200 to
1800 psia, accordingly, freestream unit Reynolds numbers
varied from 0.9 to 8 X 10¢/ft. Boundary-layer transition
was determined from heat-transfer distributions obtained by
the temperature-sensitive paint and from the thermocouple-
calorimeter techniques. The thermocouple tests have been
previously reported.? For the paint tests the model was
22.75 in. long and a paint was selected that changed phase
(solid to liquid) at 200°F. Heating rates were deduced from
photographs of the melt line as described in Ref. 1.

An example of heating-rate data is shown in Fig. 1. Paint
and thermocouple data compare very well over the entire
boundary layer (laminar, transitional, and turbulent). The

g5~ PAINT DATA OTHERMOCOUPLE DATA

B, Pi=866psia  Py=852 psia

o Ty=1424°R  Ty=1383°R

T

~ 3 -

2

© @
Ha-

<C

o

o

=

5

u ;

T L I I [ I

2 3 4 5 6 78910 20 30
SURFACE LENGTH FROM NOSE,s,in.

Fig.1l Comparison of heating rates on 5° half-angle cones
at M, = 7.4.

Received August 13, 1970.
* Research Scientist. Associate Member ATAA.



2300 ATAA JOURNAL

o BEGINNING OF TRANSITION
O END OF TRANSITION
(o — B PAINT DATA
9 - © THERMOCOUPLE
g. 0O DATA 5 ¥ sl
7- a 8 g

o]

3L ] ] I ! 11 LI A |
108 2 3 4 5 67 89107

Pele .
e » ft

TRANSITION REYNOLDS NUMBER, Pg Ug S/fL,
(2]
I

UNIT REYNOLDS NUMBER,

Fig. 2 Comparison of transition Reynolds numbers on 5°
half-angle cones at M., = 7.4.

location of the beginning and end of transition are also ap-
proximately the same. Similar paint data taken at other
total pressures and transition Reynolds numbers are com-
pared on Fig. 2.

The beginning of transition is defined as the intersection of
straight lines faired through the laminar and transitional
portions of the heating data. Similarly, the intersection of
lines through the transitional and turbulent data defines the
end of transition. Reynolds numbers based on surface dis-
tances to these intersections and boundary-layer-edge condi-
tions are shown in Fig. 2 as a function of unit Reynolds
number. Transition Reynolds numbers obtained using
both paint and thermocouples compare very well and indicate
that the paint technique can provide an adequate indication
of boundary-layer transition.
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Optimum Relaxation Time for a
Maxwell Core during Forced Vibration
of a Rocket Assembly
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HEN the core of a case-bonded viscoelastic assembly is
made of a Maxwell solid, an optimum relaxation time is
found, which minimizes the displacement amplitude and the
bond-stress response at resonance. For a Voigt solid the
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displacement amplitude and the bond-stress response at
resonance decreases with retardation time, but no optimum
time exists in the same sense.

In a previous paper concerned with the forced vibration re-
sponse of a case-bonded viscoelastic cylinder,! the authors
presented numerical results that indicated the existence of an
optimum relaxation time 7 for a Maxwell solid. At the
optimum relaxation time 7 the bond stress amplitude re-
sponse is minimized. It was observed, on the basis of some
numerical calculations, that the optimum relaxation time =
decreases with increasing values of the resonant frequency w.

Tt is the purpose of this brief Note to prove the existence of
an optimum relaxation time 7 for an assembly consisting of a
solid cylinder bonded to a thin casing, if the eylinder is made
of a material which is a Maxwell solid. It is also demon-
strated that a Voigt solid has no optimum retardation time.

The present analysis starts with the law of conservation of
energy for the system. Neglecting thermodynamic effects,
the law of conservation of energy may be written

Pow = @Wa)(KE) + [ auiuav o

where o;; are the components of stress and ¢€;; are the com-
ponents of strain rate; £ is the parameter time. The term
Py is the rate of work of the external forces, and KE is the
kinetic energy of the system. The integral represents the
rate of work done by the internal stresses during deformation.

There is no change in KE over one cycle of sinusoidal vibra-
tion. Hence, the integral of Eq. (1) from{ = 0 to { = 27/
may be written

/o 27 /w
f 27O Pt = f / f ousésdVl @)
0 0 v

In the particular problem under consideration, which is the
same as that previously studied,! the rate of work of the ex-
ternal force may be written

Po = f_+7r —pa %u(a,@,t)de (3)

where p is the normal surface traction applied to the outer
surface of the casing,  is the radial displacement of particles
under load, and a is the radius of the common surface between
the eylinder and its casing.

It is convenient to separate the stress and strain-rate com-~
ponents into deviatoric components S;, e;;, and its mean nor-
mal components a,¢, respectively. If thisis done, the product
0i€:; can be written

O'ijéij = Sijé,:j + 3oé (4)

Should be assumption again be made! that the cylinder is

elastic in dilatation
o = Ke (5)

where K is the bulk modulus of elasticity. The integral on
the right side of Eq. (2) then becomes

27 /w N 2r/w .
j:) fv O'ijeijdvdt = fO fv Sijeijdvdt (6)

Equation (6) shows that all vibratory energy dissipation is
due to distortion and none to volume change.
Let us write the pressure load p(0,t) as a phasor

p = Re(Poe?) Q)
where P, is the complex amplitude and w the real frequency.
Then the radial displacement u(r,0,t) can be expressed

u = Re[(Uo/Py) (jeo,r) Poe™!] @®
where the complex displacement transfer function Uo(jw,r)/Po
is given explicitly by Eq. (37a) of Ref. 1; namely
ﬂ) _ aJ(ar)

Py [paw? + 2G — hE/a(l — ) 1(e) — (K + $@)2J0()
©




